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1. Introduction

WO types of nonlinearities may occur in a structure.

One is nonlinear stress-strain relationship. This may be
caused by the presence of time-dependent creep strain and/or
the time-independent plastic strain. The other type of non-
linearity is the nonlinear strain displacement relationship,
which has to be considered when the strain becomes finite.
It has been shown by Lin! that to calculate the deflection
and strain distribution in a plate, the creep and plastic
strains can be considered as an additional set of lateral load
and edge moments. This method of equivalent load has
been widely used in the analysis of inelastic bending of
plates.2~5

The small deflection plate theory neglects the noulinear
terms of displacement derivatives in strain calculations.
Considering these nonlinear terms, Von Karman has derived
his well-known differential equations of large deflection of
elastic thin plates. These equations have been applied to
obtain large deflection solutions of elastic plates with various
edge conditions.®—?

The use of plates to sustain high loads at elevated tem-
peratures has been increased rapidly during the last few
decades. Under such condition, both types of nonlinearities
may occur. The analysis of a circular plate under axi-
symmetrical loadings with these nonlinearities has been
shown by Naghdi.’®* The present Note aims to give a
method for the solution of rectangular plates with both of
these types of nonlinearities.

2. Elastic Plates with Large Deflection

By extending the equivalent force concept of inelastic
problems, the nonlinear part of strain in the strain-displace-
ment relationship is treated as an equivalent force. Then
the same linear elastic problem results as the one derived from
infinitesimal strain but with some additional loads repre-
sented by the nonlinear terms. The solution is obtained
by using the known solution of the linear problem through
an iteration procedure. When applied to problems with
both material and geometrical nonlinearities, this method
needs no modification.
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The governing equations for elastic plates with large de-
flection are the well-known Von Karman equations
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where V4 = V2V = [(0%/0zY) + (0%/dy?)][(0%?/dx?) —+
(0%/9y?) ], w is the deﬂectlon of the plate, & the plate thickness,
E the Young’s modulus, » the Poisson’s ratio, D = E h3/
12(1 — »?), ¢ the lateral load and ¢ a stress functlon defined
by N. = (9%/0y?), N, = (02¢/ 0z%, Noy = —(0%/020y)
in which N., N, and N, are the in-plane forces.

Now let,
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then Eq. (1) becomes the governing equation of the bending
of plates subjected to lateral load ¢ + ¢’ and Eq. (2) that of a
plane stress problem under certain body forces derivable
from a potential function F. With the solutions of these
linear problems known, the solution of a plate with large de-
flection can be obtained as follows. First a trial deflection
w, is assumed. As a good approximation, the deflection
based on the small deflection theory can be used as this trial
deflection. This w is used to evaluate the potential function
F, from Eq. (4). A first approximation of the stress funetion
¢, can be obtained as the solution of the plane stress problem
due to Fi. Substituting ¢; and w,; into Eq. (3), we get a
first trial equivalent lateral load ¢,’. Then the solution of
the plate problem gives & second deflection w, due to lateral
load ¢ + ¢1". The process is repeated to find ws, w,, . . . wn
until w,_; and w, coincide.

3. Creep Bending of Plates with Large Deflection

The governing equations of creep bending of plates with
large deflection are given by!

Viw = (1/D)(q + ¢ + ) (5)
Vig =F + F (6)

in which ¢ is the equivalent lateral load due to creep strain
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and F the equivalent body force potential
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In Eqgs. (7) and (8), e.”, ¢,”, and e,,” are the components of
creep strain and the integration is over the thickness.

Consider a particular point in the plate. The stresses
at this point vary continuously with time due to creep. The
smooth stress time curve can be approximated by a series of
finite steps, each of which consists of a constant stress period
At followed by an instantaneous increment of stress. The
inerement of creep strains in the constant stress interval
can be obtained as fully described in Ref. 1. The total
creep strain at any time is the sum of creep strain increments
of all the time steps. Hence, the creep strains and the
equivalent forces readily can be calculated at the end of each
time step. Our problem can then be solved in a manner
similar to that used in Sec. 2.

At time ¢ = 0 there is no creep strain, § = F = 0. An
elastic solution is obtained first. At any subsequent time
step, we use the previous deflection as the first trial deflection
to start the iteration. Iun the iteration process, g and F remain
unchanged while w,¢,¢" and F' approach their correct values.

4. Numerical Example

The procedure in Secs. 2 and 3 is applied to a 7075-T6
aluminum alloy square plate 5 in. X 24 in. X 24 in. under-
going large creep deflection at 600°F. The lateral load ¢ is
uniform and equals 10 psi. The uniaxial creep character-
istics of the material are approximated by e. = A{Xsinh(Bo),
in which ¢ is time in hours, and the material constants are
A =525 X107 B =192 X 1073 K = 0.66, E = 52 X
108, and » = 0.32. Two simply supported edge conditions
are considered. One is with zero sectional forces, and the
other with zero displacement. From the elastic solutions,
the deflection of the plate due to a unit load at (&,7) is given
by
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where m denotes an integer, y; = @ — y and y > . For
y < 7, y1 is replaced by ¥y and » by a — %. The plate is
divided into 12 X 12 grid spacings. The influence coefficients
for elastic moments are computed hy finite differences giving,
for instance,

Mz = DI(1/Az%)(—wis; + 2wy — Wip,;) —

v/ Ay (—wijo 4+ 2wi; — wij)]  (10)
The stress influence coefficients for the plane stress problem
are obtained by use of the computer program of Ref. 11 for
both the stress free and immovable edges. The calculated

results are shown in Figs. 1-3.  The deflections for both cases
are almost the same. The inplane forces vary differently.
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The numerical example exhibited an extremely rapid con-
vergence. The first time increment was taken to be 0.0001
hr.  The subsequent increment was doubled in each step.
For a relative accuracy of 0.0002%,, three cycles of iteration
were enough for most steps and in no case exceeded five
cycles. The total computing time took only 8 min, of which
5 min were spent in establishing the influence coefficients.

References

! Lin, T. H., Theory of Inelastic Structures, Wiley, New York,
1968, p. 65.

?Lin, T. H., “Bending of a Plate with Nonlinear Strain
Hardening Creep,” Proceedings of the International Union of
Theoretical and Applied Mechanics, Springer Verlag, Berlin,
1962, pp. 215-228.

¢ Lackman, L. M., “Circular Plates Loaded into the Plastic
Region,” Journal of the Engineering Mechanics Division, Pro-
ceedings of the American Society of Civil Engineers, Vol. 90, EM
6, 1964, pp. 4155-4157.

4 Lin, T. H. and Ganoung, J. K., “Bending of Rectangular
Plates with Nonlinear Creep,”” International Journal of Mechani-
cal Sciences, Vol. 6, 1964, pp. 337-348.

5 Lin, T. H. and Ho, E., “Elasto-Plastic Bending of a Rec-
tangular Plate,” Journal of the Engineering Mechanics Division,
Proceedings of the American Society of Civil Engineers, Vol. 94,
EM 1, 1968, pp. 199-210.

6 Levy, 8., “Bending of Rectangular Plates with Large De-
flection,” Rept. 737, 1942, NACA.

7 Chien, W. Z. and Yeh, K. Y., “On the Large Deflection of
Rectangular Plate,” Proceedings of the Ninith International
Congress of Applied Mechanics, Brussels, Belgium, Vol. 6, 1957,
pp. 403412,

8 Tygar, K. T. 8. and Naqvi, M. M., “Large Deflections of Rec-
tangular Plates,”” Journal of Nonlinear Mechanics, Vol. 1, 1966,
pp. 109-122.

9 Murray, D. W. and Wilson, E. L., “Finite Element Post
Buckling Analysis of Thin Elastic Plates,” Proceedings of the
Second Methods in Structural Mechanics Conference, April 1969.

0 Naghdi, P. M., “Bending of Elastoplastic Circular Plates
with Large Deflection,” Transactions of the ASME, Ser. E,
Journal of Applied Mechanics, Vol. 16, 1952, pp. 1-7.

1 Wilson, E. L., “Structural Analysis of Axisymmetrie
Solids,” ATAA Journal, Vol. 3, No. 12, Dec. 1965, pp. 2269-2274.

Penetration of the Flame Front
through a Fine Metal Layer in a
Solid Propellant
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N spite of the existence of a great number of works dealing
with the investigations of nonsteady solid combustion,
a comprehensive solid combustion theory is not available

“which takes into account the total amount of known experi-

mental data on a combustion mechanism. The aforemen-
tioned experimental data comprise, for example, some results
on the space extension of the heat release region, on the
stability conditions of a combustion process, on the combus-
tion of solid propellant under nonsteady pressure variations,
and on the conditions of the extinction and ignition. The
insufficiency of existing theories is caused mainly by the diffi-
culties in experimental investigation of the combustion pro-
cess.
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